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ABSTRACT
We show that Calabi-Yau manifolds are emergent from the commutative limit of six-dimensional
noncommutative Hermitian U(1) instantons. Therefore, we argue that the noncommutative Hermitian
U(1) instantons correspond to quantized Calabi-Yau manifolds.
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1 Introduction to Emergent Gravity
The emergent gravity can be described by considering the deformation of a symplectic manifold
(M,B) where B is a nondegenerate, closed two-form on M [1, 2, 3, 4]. It may be emphasized
that a symplectic manifold (M,B) is necessarily an even-dimensional orientable manifold since ν =
1
n!
Bn defines a nowhere vanishing volume form where dim(M) = 2n. This fact will be important
to understand the mirror symmetry of Calabi-Yau (CY) manifolds emergent from the deformation
complex on a symplectic manifold, as will be discussed in a separate paper [5]. Let us consider a
line bundle L over a symplectic manifold (M,B) whose connection one-form is denoted by A =
Aµ(x)dx
µ
. The curvature F of a line bundle is a closed two-form, i.e., dF = 0 and so locally given
by F = dA. Suppose that the line bundle L over (M,B) admits a local gauge symmetry BL which
acts on the connection A as well as the symplectic structure B on the base manifold M :
BL : (B,A) 7→ (B − dΛ, A+ Λ) (1.1)
with Λ an arbitrary one-form on M . The local gauge symmetry BL is known as the Λ-symmetry or
B-field transformation in string theory. This symmetry then dictates that the curvature F = dA of L
appears only with the combination F ≡ B + F since the two-form F is a gauge invariant quantity
under the Λ-symmetry. Since dF = 0, the line bundle L over (M,B) results in a “dynamical”
symplectic manifold (M,F) if det(1 + Fθ) 6= 0 where θ ≡ B−1[4]. Here we mean the “dynamical”
for fluctuating fields around a background. Therefore the electromagnetic force F = dA manifests
itself as the deformation of a symplectic manifold (M,B).1
Since B is a symplectic structure on M , it defines a bundle isomorphism B : TM → T ∗M
by X 7→ Λ = −ιXB where X ∈ Γ(TM) is an arbitrary vector field. As a result, the B-field
transformation (1.1) can be written as
BL : (B,A) 7→
(
(1 + LX)B,A− ιXB
) (1.2)
where LX = dιX + ιXd is the Lie derivative with respect to the vector field X . Note that the
ordinary U(1) gauge symmetry, A 7→ A + dλ, is a particular case of the Λ-symmetry (1.1) for
Λ = dλ = −ιXλB. In this case, the vector field Xλ = −θ(dλ) is called a Hamiltonian vector
field. Since a vector field is an infinitesimal generator of local coordinate transformations, in other
words, a Lie algebra generator of Diff(M), the B-field transformation (1.2) can be identified with
a local coordinate transformation generated by the vector field X ∈ Γ(TM). Consequently the
1It may be instructive to conceive an analogue in general relativity. According to the general theory of relativity,
the gravitational force corresponds to the deformation of a given Euclidean space (M, g), which results in a “dynamical”
Riemannian manifold (M, G) whereG = g+h. The equivalence principle then implies that the “dynamical” Riemannian
manifold (M, G) can always be trivialized in a locally inertial frame where the metricG recovers the original unperturbed
one g. It may be worthwhile to remark that the electromagnetic force is to the deformation of a symplectic manifold what
the gravitational force is to the deformation of a Riemannian manifold. The emergent gravity picture implies [4] that these
two deformations are isomorphic to each other.
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Λ-symmetry (1.1) can be considered on par with the (dynamical) diffeomorphism symmetry. This
fact leads to a remarkable conclusion [1, 2] that, in the presence of B-fields, the underlying local
gauge symmetry is rather enhanced. Thus we fall into a situation similar to general relativity that
the dynamical symplectic manifold (M,F) can be locally trivialized by a coordinate transformation
φ ∈ Diff(M) such that φ∗(F) = B. For example, φ∗ = (1 + LX)−1 ≈ e−LX if A = −Λ = ιXB.
In other words, it is always possible to find a local coordinate transformation eliminating dynamical
U(1) gauge fields as far as spacetime admits a symplectic structure. This statement is known as the
Darboux theorem or the Moser lemma in symplectic geometry [6]. It is arguably a novel form of the
equivalence principle for the electromagnetic force [4]. It may be rewarding to revisit the footnote 1
with this insight.
Let us introduce an anchor map θ = B−1 : T ∗M → TM defined by Λ 7→ X = −θ(Λ). The
bivector θ ∈ Γ(Λ2TM) is called a Poisson structure on M [6]. It gives the vector space C∞(M) a
Lie algebra structure, called a Poisson bracket, which is an antisymmetric, bilinear map {−,−}θ :
C∞(M) × C∞(M) → C∞(M) defined by (f, g) 7→ θ(df, dg) ≡ {f, g}θ. An important property is
that the map f 7→ Xf(g) = {f, g}θ is a derivation on C∞(M) for any fixed g ∈ C∞(M). In terms of
local coordinates on a small patch U ⊂M , the Poisson structure θ = B−1 is given by
θ =
1
2
θab(y)
∂
∂ya
∧ ∂
∂yb
. (1.3)
Without loss of generality, θab can be chosen to be a constant skew-symmetric matrix of rank 2n,
typically taking the form [θab] = 1n ⊗
√−1θiσ2 with θi := θ2i−1,2i, i = 1, · · · , n. According to the
Darboux theorem stating that φ∗(B + F ) = B, it is always possible to find a locally inertial frame,
namely, Darboux coordinates, to eliminate the electromagnetic force F = dA. Let us represent the
local coordinate transformation φ ∈ Diff(M) as
φ : ya 7→ xa(y) = ya + θabab(y). (1.4)
The dynamical local coordinates aa(y) will be called symplectic gauge fields, which are introduced
to compensate local deformations of an underlying symplectic structure by U(1) gauge fields. The
dynamical coordinates xa(y) are covariant under a symplectic gauge transformation, i.e., δxa(y) =
−Xλ
(
xa(y)
)
= {xa, λ}θ(y) and so play an important role in emergent gravity [7]. It is convenient to
introduce “covariant momenta” defined by
Da(y) ≡ Babxb(y) = pa + aa(y) ∈ C∞(M) (1.5)
where pa = Babyb. Note that
{Da, Db}θ = −Bab + fab (1.6)
where fab = ∂aab − ∂baa + {aa, ab}θ is the field strength of symplectic gauge fields. One can see
that symplectic gauge fields aa(y) ∈ C∞(M) deform the background Poisson structure specified by
2
{pa, pb}θ = −Bab. In the end, the dynamical symplectic manifold (M,F) can be described by a
gauge theory of symplectic gauge fields introduced via the local coordinate transformation (1.4).
Since the symplectic manifold (M,F) is a dynamical system, one may quantize the system like
as quantum mechanics [4]. The quantization is straightforward as the dynamical system equips with
an intrinsic Poisson structure given by (1.3). An underlying math is essentially the same as quantum
mechanics. It results in a quantized line bundle L̂ over a noncommutative (NC) space [8], denoted by
R2nθ , whose coordinate generators satisfy the commutation relation
[ya, yb] = iθab. (1.7)
The NC ⋆-algebra generated by the Moyal-Heisenberg algebra (1.7) will be denoted by Aθ [9]. The
quantization Q also lifts the coordinate transformation (1.4) to a local automorphism of Aθ defined
by Q : φ 7→ DA which acts on the NC coordinates ya as [10]
DA(ya) ≡ X̂a(y) = ya + θabÂb(y) ∈ Aθ. (1.8)
One can see [9] that NC U(1) gauge fields are obtained by quantizing symplectic gauge fields, i.e.,
Âa = Q(aa). Let us define dynamical momentum variables D̂a(y) ≡ BabX̂b(y) = pa+ Âa(y). Upon
quantization, the Poisson bracket is similarly lifted to a NC bracket in Aθ. For example, the Poisson
bracket relation (1.6) is now defined by the commutation relation
− i[D̂a, D̂b]⋆ = −Bab + F̂ab (1.9)
where the field strength of NC U(1) gauge fields Âa is given by
F̂ab = ∂aÂb − ∂bÂa − i[Âa, Âb]⋆. (1.10)
Hence we observe that NC U(1) gauge fields describe a dynamical NC spacetime (1.9) which is a
deformation of the background NC spacetime (1.7). To sum up, a dynamical NC spacetime is defined
by the quantization of a line bundle L over a symplectic manifold (M,B) and described by a NC
U(1) gauge theory [4].
An important point [9] is that a NC space such as the Moyal-Heisenberg algebra (1.7) always
admits a nontrivial inner automorphism A defined by O 7→ O′ = U ⋆ O ⋆ U−1 where U ∈ A and
O ∈ Aθ. Its infinitesimal generators consist of an inner derivation D. Then there is a well-known Lie
algebra homomorphism between the NC ⋆-algebraAθ and the inner derivation D, defined by the map
[2, 3, 4, 7]
Aθ → D : O 7→ adO = −i[O, · ]⋆ (1.11)
for any O ∈ Aθ. Using the Jacobi identity of the NC ⋆-algebra Aθ, it is easy to verify the Lie algebra
homomorphism:
[adO1, adO2 ] = −iad[O1,O2]⋆ (1.12)
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for any O1,O2 ∈ Aθ. In particular, we define the set of NC vector fields given by
{V̂a ≡ adD̂a ∈ D|D̂a ∈ Aθ, a = 1, · · · , 2n} (1.13)
where D̂a = pa + Âa are previously introduced dynamical NC momenta. One can apply the Lie
algebra homomorphism (1.12) to the commutation relation (1.9) to yield
ad
F̂ab
= [V̂a, V̂b] ∈ D. (1.14)
A basic idea of emergent gravity is to realize the gauge/gravity duality using the Lie algebra
homomorphism (1.11) [2, 3, 4, 7]. The gauge theory side of the duality is defined by a NC U(1)
gauge theory based on an associative algebra Aθ and its gravity side is defined by associating the
derivation D of the algebra Aθ with a (quantized) frame bundle of an emergent spacetime manifold
M. But, in order to identify global quantities such as vielbeins in gravity with elements of D, it is
necessary to glue the local data of the derivation D which are derived from NC gauge fields defined
on Darboux charts. A detailed exposition for the globalization was recently given in Ref. [4]. See
also [11]. For our purpose, it is enough to consider the globalization for the set of vector fields
defined by Eq. (1.13). In particular, we are interested in the commutative limit, i.e. |θ| → 0, of the
derivation algebra D. In this limit, the NC vector fields in Eq. (1.13) reduce to ordinary vector fields
Va = V
µ
a (y)∂µ ∈ Γ(TM), i.e.,
V̂a = Va +O(θ2). (1.15)
A 2n-dimensional manifold emergent from NC U(1) gauge fields will be denoted by M. The global
vector fields Va = V µa (y)∂µ ∈ Γ(TM) are related to inverse vielbeins Ea = Eµa (y)∂µ ∈ Γ(TM) in
general relativity as [2, 3, 4, 7]
Va = λEa (1.16)
where λ is to be determined by a volume-preserving condition. We fix the conformal factor λ by
imposing the condition that the vector fields Va preserve a volume form
ν = λpv1 ∧ · · · ∧ v2n (1.17)
where va = vaµ(y)dyµ ∈ Γ(T ∗M) are coframes dual to Va, i.e., 〈va, Vb〉 = δab . This means that the
vector fields Va obey the condition
LVaν =
(∇ · Va + (p− 2n)Va lnλ)ν = 0. (1.18)
Note that any symplectic manifold always admits such volume-preserving vector fields. See the
appendix B in Ref. [4] for the discussion of modular vector fields on a symplectic manifold. In the
end the dynamical metric emergent from NC gauge fields is given by
ds2 = ea ⊗ ea = λ2vaµ(y)vaν(y)dyµ ⊗ dyν (1.19)
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where ea = eaµ(y)dyµ = λva ∈ Γ(T ∗M) are orthonormal one-forms on M and
λp = ν(V1, · · · , V2n). (1.20)
Since the gravitational metric (1.19) is completely determined by NC U(1) gauge fields, a space-
time geometry described by the metric (1.19) will be determined by the dynamical law of NC U(1)
gauge fields. In particular, Einstein gravity emerges from the commutative limit of NC U(1) gauge
fields [2, 3, 4, 7]. This emergent gravity picture may be strengthened by the fact that a theory of NC
U(1) gauge fields respects the diffeomorphism symmetry (1.2) and the Lie algebra homomorphism
(1.11) realizes a duality between algebraic objects in Aθ and geometric objects in D. For instance, it
was recently shown [12] that a holomorphic line bundle with a nondegenerate curvature two-form of
rank 2n is equivalent to a 2n-dimensional Ka¨hler manifold and, in particular, CY n-folds for n = 2
and 3 are emergent from the commutative limit of NC U(1) instantons in four and six dimensions,
respectively. In this paper we will further elaborate the emergent gravity from NC U(1) gauge fields
and give a more elegant verification for emergent CY manifolds.
This paper is organized as follows. In Sect. 2, we derive the Hermitian Yang-Mills equations for
NC U(1) gauge fields [13]. In Sect. 3, we show that the commutative limit of NC Hermitian U(1)
instantons is isomorphically mapped to the Hermitian Yang-Mills equations for spin connections of
an emergent CY manifold. In Sect. 4, we argue that the NC Hermitian U(1) instantons should
correspond to quantized CY manifolds which are described by a matrix model or large N gauge
theory [4]. We also briefly discuss the mirror symmetry of CY manifolds from the emergent gravity
picture that will be further illuminated in a separate paper [5]. In Appendix A, we generalize the
emergent gravity picture in [12] to the case with world-volume scalar fields as well as U(1) gauge
fields. A main purpose of this appendix is to demystify the emergent gravity picture. In Appendix
B, we present a calculational detail to verify that the self-duality equations for NC U(1) instantons in
four and six dimensions are transformed to geometrical equations for spin connections of an emergent
CY manifold.
2 NC Hermitian U(1) Instantons
Let π̂ : L̂ → R6θ be a NC line bundle over a NC space R6θ whose coordinates obey the commutation
relation (1.7). Denote the connection of the NC line bundle L̂ by Â = Âa(y)dya and its curvature
F̂ = 1
2
F̂abdy
a ∧ dyb is defined by [8]
F̂ = dÂ− iÂ ∧ Â
=
1
2
(
∂aÂb − ∂bÂa − i[Âa, Âb]⋆
)
dya ∧ dyb. (2.1)
The structure group U(1)⋆ of L̂ acts on the connection as
Â 7→ Â′ = ĝ ⋆ Â ⋆ ĝ−1 + iĝ ⋆ dĝ−1 (2.2)
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where ĝ ∈ U(1)⋆. In order to substantiate the idea that Riemannian manifolds emerge from NC
U(1) gauge fields obeying some equations, let us consider the six-dimensional NC U(1) gauge theory
whose action is given by
S =
1
4G2YM
∫
d6yF̂abF̂
ab. (2.3)
We will assume that the multiplication between NC fields is always the star product if it is not explic-
itly indicated for a notational simplicity. For example, f̂(y)ĝ(y) := f̂(y) ⋆ ĝ(y) for f̂ , ĝ ∈ Aθ. One
can show [14] that the action (2.3) can be written as the Bogomol’nyi form
S =
1
8G2YM
∫
d6y
[(
F̂a1b1 ±
1
4
εa1b1a2b2a3b3F̂a2b2Ia3b3
)2
− 1
2
(
IabF̂
ab
)2
∓1
2
εa1b1a2b2a3b3F̂a1b1F̂a2b2Ia3b3
]
(2.4)
where the constant symplectic matrix Iab is given by
I2i−1,2j = δij = −I2j,2i−1, i, j = 1, 2, 3. (2.5)
The above action may be written in a more compact form as
S =
1
8G2YM
∫
d6y
[(
F̂ab ± ∗(F̂ ∧ B
)
ab
)2
− 1
2
(
IabF̂
ab
)2]∓ 1
2G2YM
∫
F̂ ∧ F̂ ∧ B (2.6)
where B = 1
2
Iabdy
a ∧ dyb is the two-form of rank 6 and will be identified with the Ka¨hler form
of R6 ∼= C3, i.e., dB = 0. We assume that the wedge product between forms is defined under the
star product, e.g., F̂ ∧ F̂ = 1
4
(
F̂ab ⋆ F̂cd
)
dya ∧ dyb ∧ dyc ∧ dyd. Then, using the Bianchi identity
D̂F̂ ≡ dF̂ − i(Â ∧ F̂ − F̂ ∧ Â) = 0, one can show that
F̂ ∧ F̂ = dK̂ − i
3
(Ĉ ∧ Â+ Â ∧ Ĉ) (2.7)
where K̂ is a NC Chern-Simons term defined by
K̂ ≡ Â ∧ F̂ + i
3
Â ∧ Â ∧ Â (2.8)
and
Ĉ ≡ Â ∧ F̂ + F̂ ∧ Â+ i
2
Â ∧ Â ∧ Â. (2.9)
Note that the second term in Eq. (2.7) can be written as
− i
3
(Ĉ ∧ Â+ Â ∧ Ĉ) = − i
3 · 3! [Ĉµνρ, Âσ]⋆dy
µ ∧ dyν ∧ dyρ ∧ dyσ (2.10)
and thus it vanishes under the integral thanks to the property [9]∫
d6y[f̂ , ĝ]⋆ = 0 (2.11)
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for f̂ , ĝ ∈ Aθ. After all, the last term in Eq. (2.6) can be written as a boundary term on ∂R6 ∼= S5:2
∓ 1
2G2YM
∫
S5
K̂ ∧ B. (2.12)
As was shown in Eq. (2.12), the last term in Eq. (2.6) is a topological term which depends only
on the topological class of the vector bundle L̂ over R6θ. Then we can show that the minimum of the
action (2.6) is achieved at the configuration obeying the equations
F̂ = ∓ ∗ (F̂ ∧ B) (2.13)
or, equivalently, using the fact ∗2α = α for any even form α,
∗ F̂ = ∓F̂ ∧B. (2.14)
Note that the condition IabF̂ ab = 0 needs not be imposed separately because it can be derived from Eq.
(2.13) by using the identity 1
8
εab
cdefIcdIef = Iab. Therefore the term IabF̂ ab in Eq. (2.6) identically
vanishes as long as Eq. (2.13) is satisfied. It may be convenient to write the six-dimensional version
of the self-duality equation (2.13) in terms of component notation:
F̂ab = ±1
2
Tab
cdF̂cd (2.15)
where Tabcd ≡ 12εabcdefIef . We will call Eq. (2.15) the Hermitian Yang-Mills (HYM) equations [13].
It is obvious that a solution of the HYM equations is automatically a solution of the equations of
motion, D̂bF̂ab = 0, due to the Bianchi identity, D̂aF̂bc + D̂bF̂ca + D̂cF̂ab = 0.
In six dimensions, the four-form tensor Tabcd in Eq. (2.15) breaks the Lorentz symmetry SO(6) ∼=
SU(4)/Z2 to U(3) = SU(3)×U(1). Thus it is useful to decompose the 15-dimensional vector space
of two-forms Λ2T ∗M under the unbroken symmetry group U(3) into three subspaces [14]:3
Λ2T ∗M = Λ21 ⊕ Λ26 ⊕ Λ28 (2.16)
2In general, the property (2.11) holds up to total derivative terms. Hence one may worry that the second term (2.10)
may generate an additional boundary term on S5. The asymptotic boundary condition for NC U(1) gauge fields is that
F̂ ||y|→∞ → 0 and so Â||y|→∞ → iĝ ⋆ dĝ−1 where ĝ ∈ U(1)⋆. Then the topological invariant (2.12) is coming from
the second term in Eq. (2.8) which behaves like ∼ ∫
S5
(ĝ ⋆ dĝ−1)3 ∧ B. Note that the commutator term (2.10) contains
more derivatives and thus more rapidly decays at the asymptotic boundary compared to the Chern-Simons term (2.8). As
a result, total derivative terms in Eq. (2.10) do not contribute any nontrivial boundary term.
3This decomposition can easily be understood by the Clifford isomorphism Cl(d) =
⊕d
k=0 Cl
k(d) ∼= Λ∗M =⊕d
k=0 Λ
kT ∗M, stating that there exists a vector space isomorphism between the Clifford algebra Cl(d) in d-dimensions
and the exterior algebra Λ∗M of cotangent bundle T ∗M over M. In particular, the Clifford isomorphism implies that
the Lorentz generators Jab = 1
4
[Γa,Γb] in Cl(d) are in one-to-one correspondence with two-forms in the vector space
Λ2T ∗M. Then the decomposition (2.16) is simply the branching of the vector space Λ2T ∗M under the symmetry
reduction SO(6) → U(3) = SU(3) × U(1). It was argued in [14] that the Clifford isomorphism leads to an elegant
picture for the mirror symmetry of CY manifolds.
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where Λ21, Λ26, and Λ28 are one-dimensional (singlet), six-dimensional and eight-dimensional vector
spaces taking values in U(1) ⊂ U(3), SU(4)/U(3) = CP3, and SU(3) ⊂ U(3), respectively. One
can show [14] that, under the choice (2.5) for the Ka¨hler form B of R6, the NC U(1) gauge fields in
Λ26, i.e. F̂ = 12 F̂abdy
a ∧ dyb ∈ Λ26, obey the (+)-equations
F̂ab =
1
2
Tab
cdF̂cd (2.17)
while, if F̂ ∈ Λ28, they obey the (−)-equations
F̂ab = −1
2
Tab
cdF̂cd. (2.18)
Explicitly, the (−)-equations (2.18), for example, are given by
F̂2i−1,2j−1 = F̂2i,2j , F̂2i−1,2j = −F̂2i,2j−1, i, j = 1, 2, 3, (2.19)
1
2
IabF̂ab = F̂12 + F̂34 + F̂56 = 0. (2.20)
But note that, for the case of the (+)-equations (2.17), Eq. (2.19) has sign flips and Eq. (2.20) is
replaced by F̂12 = F̂34 = F̂56 = 0. Hence it consists of totally nine equations and so only six
components in Λ26 remain. For the reason to be explained later, NC Hermitian U(1) instantons or
shortly NC instantons are given by the solutions of the (−)-equation (2.18) only. After all, the NC
Hermitian U(1) instantons are constructed by projecting the vector space Λ2T ∗M into the eight-
dimensional subspace Λ28 which respects the SU(3) rotational symmetry. Hence it may be naturally
expected that CY manifolds with SU(3) holonomy emerge from the NC Hermitian U(1) instantons
obeying the (−)-equation (2.18) rather than the (+)-equation (2.17).
The symplectic structure (2.5) provides a natural pairing between coordinates which picks up a
particular complex structure onR6. The complex coordinates specified by the symplectic matrix (2.5)
are given by4
zi = y2i−1 +
√−1y2i, z i¯ = y2i−1 −√−1y2i, i, i¯ = 1, 2, 3 (2.21)
and the corresponding NC U(1) gauge fields take the combination
Âi =
1
2
(
Â2i−1 −
√−1Â2i
)
, Âi =
1
2
(
Â2i−1 +
√−1Â2i
)
. (2.22)
Then the field strengths of (2, 0) and (1, 1) parts are, respectively, given by
F̂ij =
1
4
(
F̂2i−1,2j−1 − F̂2i,2j
)− √−1
4
(
F̂2i−1,2j + F̂2i,2j−1
)
, (2.23)
F̂ij =
1
4
(
F̂2i−1,2j−1 + F̂2i,2j
)
+
√−1
4
(
F̂2i−1,2j − F̂2i,2j−1
)
. (2.24)
4From now on, the imaginary unit i will be denoted by
√−1 to avoid a confusion with the frequently appearing
holomorphic index i.
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Therefore Eq. (2.19) can be written as
F̂ij = F̂ij = 0 (2.25)
which means that NC U(1) gauge fields obeying the HYM equations (2.18) must be a connection of
a NC holomorphic line bundle. The last equation (2.20) is equivalent to the condition
3∑
i=1
F̂ii = 0 (2.26)
which corresponds to the stability of the NC holomorphic line bundle [13].
For the (+)-equation (2.17), we get instead
F̂ij = 0 (2.27)
and the totally six components from F̂ij and F̂ij survive. Therefore the NC U(1) gauge fields obeying
the (+)-equation (2.17) will not give rise to a NC Hermitian U(1) instanton.
3 Emergent Calabi-Yau Manifolds
Using the Lie algebra homomorphism (1.14), one can translate the HYM equations (2.15) into some
geometric equations for the vector fields determined by NCU(1) gauge fields in Eq. (1.13) [2, 3, 4, 7].
For instance, the (−)-equations (2.18) are equivalently stated as
[V̂a, V̂b] = −1
2
Tab
cd[V̂c, V̂d]. (3.1)
In the commutative limit (1.15), NC vector fields V̂a reduce to ordinary vector fields and Eq. (3.1)
in this limit is defined by the Lie bracket. Hence we introduce the Lie bracket of the vector fields
Va ∈ Γ(TM) defined by
[Va, Vb] = −gabcVc. (3.2)
The Lie algebra (3.2) means that the dual covectors va ∈ Γ(T ∗M) obey the structure equations
dva = 1
2
gbc
avb ∧ vc. Using Eq. (3.2), the commutative limit of Eq. (3.1) can be written as
gab
e = −1
2
Tab
cdgcd
e. (3.3)
In Appendix B, we show that, for a particular choice of volume form (1.17), Eq. (3.3) can be trans-
formed into simple equations for spin connections given by
ωab = −1
2
Tab
cdωcd. (3.4)
Now we will show that a six-dimensional manifold obeying Eq. (3.4) must be a Ricci-flat, Ka¨hler
manifold which is called a CY manifold [15, 16]. Therefore we come to a conclusion that CY mani-
folds are emergent from the commutative limit of six-dimensional NC Hermitian U(1) instantons.
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Suppose that M is a six-dimensional complex manifold whose metric ds2 = gµνdyµ ⊗ dyν is
given by Eq. (1.19). Let us choose local complex coordinates yµ = (zα, zα¯), α = 1, 2, 3 in which
an almost complex structure takes the form Jαβ =
√−1δαβ, J α¯β¯ = −
√−1δα¯β¯ . This complex
structure is basically inherited from the symplectic structure J = I = 13⊗
√−1σ2 which we already
introduced in Eq. (2.5). We have split a curved space index µ = 1, · · · , 6 = (α, α¯) into a holomorphic
index α = 1, 2, 3 and an anti-holomorphic one α¯ = 1, 2, 3 and similarly, a tangent space index
a = 1, · · · , 6 = (i, i¯) into i = 1, 2, 3 and i¯ = 1, 2, 3. We impose the Hermitian condition on the
complex manifold M defined by g(X, Y ) = g(JX, JY ) for any X, Y ∈ Γ(TM) [16]. This means
that the metric g on the complex manifold M is a Hermitian metric, i.e., gαβ = gα¯β¯ = 0, gαβ¯ = gβ¯α.
The Hermitian condition can be solved by taking the vielbeins as
eiα¯ = e
i¯
α = 0 and E
α¯
i = E
α
i¯ = 0. (3.5)
Then the two-form defined by Ω = 1
2
Iabe
a ∧ eb is a Ka¨hler form, i.e., Ω(X, Y ) = g(X, JY ) and it is
given by
Ω = −√−1ei ∧ ei¯ = −√−1eiαei¯β¯dzα ∧ dzβ¯ = −
√−1gαβ¯dzα ∧ dzβ¯ . (3.6)
Using the torsion free condition, dea+ωab ∧ eb = 0, it is easy to show [15] that the Ka¨hler condition,
dΩ = 0, is equivalent to the one that the spin connection ωab on a Hermitian manifold (M, g) is
U(3)-valued, i.e.,
ωij = ωi¯j¯ = 0. (3.7)
In this case, the Ka¨hler metric is solely determined by a Ka¨hler potential K(z, z) as
gαβ¯ = ∂α∂β¯K(z, z). (3.8)
It is well-known [15, 16] that the Ricci tensor of a Ka¨hler manifold is the field strength of the
U(1) part of U(3) = SU(3) × U(1) spin connections and the U(1) gauge field is given by the trace
part of U(3) spin connections, i.e.,
A(0) ≡ √−1
3∑
i=1
ωi¯i. (3.9)
Therefore a Ka¨hler manifold (M, g) is Ricci-flat if F (0) = dA(0) = 0 or A(0) = dλ. Note that the first
cohomology for a simply connected manifold M identically vanishes, i.e., H1(M) = 0. Hence it is
possible to choose a gauge, A(0) = 0, for a simply connected Ricci-flat manifold which means that
3∑
i=1
ωi¯i = 0. (3.10)
A Ricci-flat and Ka¨hler manifold is known as a CY manifold which plays an important role in string
theory compactification [15]. Consequently a CY manifold with SU(3) holonomy is characterized,
up to a gauge choice, by Eqs. (3.7) and (3.10). In terms of real coordinates, they are succinctly
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summarized by Eq. (3.4). In Appendix B, we show that the (generalized) self-duality equation (3.4)
for spin connections is equivalent to the commutative limit of NC Hermitian U(1) instantons defined
by the Hermitian Yang-Mills equation (2.18) in six dimensions. Therefore we see that the commuta-
tive limit of six-dimensional NC Hermitian U(1) instantons can be rephrased into the Ricci-flat and
Ka¨hler condition for Calabi-Yau manifolds.
4 Discussion
Suppose that F = dA = B + F is the curvature of a holomorphic line bundle, i.e., Fij = ∂iAj −
∂jAi = 0 and Fi¯j¯ = ∂ i¯Aj − ∂ j¯Ai = 0. It can be solved by Ai =
√−1
2
∂iφ(z, z) and Ai =
−
√−1
2
∂ i¯φ(z, z) where φ(z, z) is a real smooth function on Cn. Then the curvature of a holomor-
phic line bundle is given by
F = −√−1∂i∂ j¯φ(z, z)dzi ∧ dzj¯ = −
√−1∂∂φ(z, z). (4.1)
Note that the Ka¨hler form (3.6) of a 2n-dimensional Ka¨hler manifold is given by
Ω = −√−1∂∂K(z, z). (4.2)
It was shown in the Appendix of [12] that one can identify φ(z, z) and K(z, z) if the curvature F of a
holomorphic line bundle is a symplectic structure, i.e., a nondegenerate, closed two-form. This means
that a holomorphic line bundle with a nondegenerate curvature two-form of rank 2n is equivalent to
a 2n-dimensional Ka¨hler manifold. A CY manifold is a Ka¨hler manifold with a vanishing first Chern
class [16]. In this paper we have verified a particular case for the equivalence between a Ka¨hler
manifold and a holomorphic line bundle.
Since we have considered a line bundle over R6 with a symplectic structure B, the emergent CY
manifolds from NC U(1) gauge fields are noncompact. But the result can be generalized to compact
CY manifolds by considering a line bundle L → M over a compact Ka¨hler manifold M with a
symplectic structure B if the two-form B is a Ka¨hler form of the base manifold M , although an
explicit construction may be more difficult. Actually the argument in [12] can be generalized to a
holomorphic line bundle over a compact Ka¨hler manifold M whose Ka¨hler structure is given by a
background B-field. Then the result in [12] will be equally applied to the compact case.
We observed in Sect. 1 that a line bundle over a symplectic manifold (M,B) results in a dynam-
ical symplectic manifold (M,F). The quantization of the dynamical symplectic manifold (M,F)
gives rise to a dynamical NC spacetime described by a NC U(1) gauge theory [4]. Therefore NC
U(1) gauge fields correspond to a quantized dynamical spacetime. In this paper we showed that CY
manifolds are emergent from a semi-classical limit of NC Hermitian U(1) instantons. Note that the
ordinary vector field Va ∈ Γ(TM) in Eq. (1.15) is just the leading part of the NC vector field V̂a ∈ D
when the commutative limit is taken into account and a classical Riemannian manifold M is con-
structed by the set of the usual vector fields Va. Thus it is natural to think of NC Hermitian U(1)
11
instantons as a quantized geometry of CY manifolds. Since NC gauge fields can be represented by
large N matrices in End(H) where H is a Hilbert space representing the NC space (1.7) [9, 17], the
quantized CY manifold will be described by a matrix theory or large N gauge theory. It is well-known
[18, 19] that such a matrix model or large N gauge theory describes a nonperturbative formulation
of string/M theories. Therefore it is reasonable [4] that NC U(1) gauge fields describe a quantum
geometry.
We explained in Sect. 1 that emergent gravity is defined by considering the deformation of a
symplectic manifold (M,B) by a line bundle L → M . The line bundle L manifests itself only by
introducing a new symplectic structure F = B + F where F = dA is identified with the curvature
of the line bundle [4]. Then symplectic or NC U(1) gauge fields are introduced via a local coordi-
nate transformation φ ∈ Diff(M) eliminating dynamical U(1) gauge fields, i.e., φ∗(F) = B. The
underlying math for this argument is the well-known theorem in symplectic geometry known as the
Darboux theorem [6]. Note that a CY manifold X always arises with a mirror pair Y obeying the
mirror relation [15]
h1,1(X) = h2,1(Y ), h2,1(X) = h1,1(Y ) (4.3)
where hp,q is a Hodge number of a CY manifold. Since we showed that six-dimensional CY manifolds
are emergent from the commutative limit of NC Hermitian U(1) instantons which are the connections
in a stable holomorphic line bundle L → M [13], an interesting question arises when we conceive
the emergent CY manifolds from the mirror symmetry perspective. What is the mirror symmetry
from the emergent gravity picture ? Emergent gravity seems to provide a very elegant picture for the
mirror symmetry [14]. Note that a symplectic manifold (M,B) is necessarily an orientable manifold
and so admits the Hodge dual operation ∗ : Ωk(M) → Ω6−k(M) between vector spaces of k-forms
and (6 − k)-forms. Suppose that C is a nondegenerate four-form that is co-closed, i.e., δC = 0
where δ = − ∗ d∗ : Ωk(M) → Ωk−1(M) is the adjoint exterior differential operator. Define a
two-form B˜ ≡ ∗C. Then δC = 0 ⇔ dB˜ = 0. Therefore B˜ defines another symplectic structure
independent of B. Hence one can equally consider the deformation of the dual symplectic structure
B˜ by considering a dual line bundle L˜ → M . The curvature F˜ = dA˜ of the dual line bundle L˜
may be identified with the Hodge dual of a co-closed four-form G, i.e., F˜ = ∗G. Then we have
the property δG = 0 ⇔ dF˜ = 0. Therefore the dual line bundle L˜ similarly results in a dynamical
symplectic manifold (M, F˜) where F˜ = B˜ + F˜ = ∗(C + G). One can introduce dual NC U(1)
gauge fields by a local coordinate transformation φ˜ ∈ Diff(M) such that φ˜∗(F˜) = B˜. After all it
should be possible to find dual NC Hermitian U(1) instantons as a solution of Hermitian Yang-Mills
equations defined by dual NC U(1) gauge fields. It is obvious that a CY manifold will also arise
from the dual NC Hermitian U(1) instanton which is independent of a CY manifold emergent from
the line bundle L over the symplectic manifold (M,B). In other words, the variety of emergent
CY manifolds is doubled thanks to the Hodge duality ∗ : Ω4(M) → Ω2(M). Since two classes
of emergent CY manifolds are independent of each other, it should be possible to arrange a pair
(X, Y ) such that χ(X) = −χ(Y ) where χ(M) is the Euler characteristic of a CY manifold M . Since
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χ(M) = 2
(
h1,1(M) − h2,1(M)) and hp,q(M) ≥ 0, χ(X) = −χ(Y ) implies the mirror relation
(4.3). Consequently, the emergent gravity suggests a beautiful picture that the mirror symmetry of
CY manifolds is simply the Hodge theory for the deformation of symplectic and dual symplectic
structures. We will discuss the mirror symmetry in emergent gravity elsewhere [5].
Acknowledgments
We thank Sangheon Yun for helpful discussions and collaboration at an early stage of this work. This
work was supported by the National Research Foundation of Korea (NRF) grant funded by the Korea
government (MOE) (No. 2011-0010597).
A Emergent gravity demystified
A main purpose of this appendix is to demystify the emergent gravity picture. We will generalize
the emergent gravity picture to the case with world-volume scalar fields as well as U(1) gauge fields.
The underlying argumentation is a straightforward generalization of the method in Ref. [12]. For
simplicity, we will consider the four-dimensional Dirac-Born-Infeld (DBI) action given by
S =
1
2πκ2gs
∫
d4x
√
det
(
h + κ(B + F )
)
+O(√κ∂F, · · · ), (A.1)
where κ = 2πα′ and hµν = gµν + κ2∂µφa∂νφa is a world-volume metric in static gauge. We will not
assume that the metric gµν is flat. Note that the worldvolume scalar fields φa (a = 1, · · · , n) carry the
mass dimension. The four-dimensional result can be easily generalized to higher dimensions.
In a low energy limit where κ→ 0, using the formula√
det(1 + A) ≈ 1 + 1
2
TrA− 1
4
TrA2 +
1
8
(TrA)2 + · · · , (A.2)
where Aµν = κ(Bµν + Fµν) + κ2∂µφa∂νφa, we can expand the DBI action (A.1) in powers of κ:
S =
V4
2πκ2gs
+
1
2πgs
∫
d4x
√
g
(1
2
∂µφ
a∂µφa +
1
4
(Fµν +Bµν)(F
µν +Bµν) +O(κ)
)
, (A.3)
where V4 is a world-volume of a D3-brane and we suppressed higher-order terms. Therefore the
DBI action (A.1) describes a U(1) gauge theory with neutral scalar fields in the background B field.
However we may form complex scalar fields by ψ1 = φ1+iφ2, ψ2 = φ3+iφ4, etc. Using the Darboux
theorem in symplectic geometry [6], we can always find local coordinates φ : y 7→ x = x(y) such
that (
Bαβ + Fαβ(x)
)∂xα
∂yµ
∂xβ
∂yν
= Bµν . (A.4)
13
This well-known theorem leads to a remarkable identity:
S =
1
2πκ2gs
∫
d4x
√
det
(
h+ κ(B + F )
)
=
1
2πκ2gs
∫
d4y
√
det
(G + κB), (A.5)
where Gµν is a dynamical metric given by
Gµν = gαβ ∂x
α
∂yµ
∂xβ
∂yν
+ κ2
∂φa
∂yµ
∂φa
∂yν
. (A.6)
It should be remarked that the coordinate transformation (A.4) to a Darboux frame is locally defined
and accordingly the dynamical metric (A.6) is also locally defined. However we can glue the local
coordinate patches together to yield a globally defined Riemannian metric. See Ref. [4] for a detailed
exposition on the globalization of emergent geometry. We will assume such a globalization for our
local constructions.
The metric (A.6) suggests that it will be convenient to introduce the embedding coordinates de-
fined by
XM = (xα, κφa), M = 1, · · · , n+ 4, (A.7)
and rewrite the metric as the form
Gµν = GMN ∂X
M
∂yµ
∂XN
∂yν
(A.8)
with GMN = (gαβ, δab). Since the coordinate transformations in Eq. (A.4) are eliminating dynamical
U(1) gauge fields, the coordinates xα = xα(y) must be dynamical which may be represented by
xα(y) = θαβ
(
pβ + Âβ(y)
) (A.9)
where θ ≡ B−1 and pα = Bαβyβ. Now we will show that the DBI action (A.5) can be written as the
action of NC U(1) gauge fields and adjoint scalar fields. We want to expand the second action around
the background B field, i.e.,√
det
(G + κB) =√det(κB)√det(1 + A), (A.10)
where Aµν = 1κGµλθλν . Since
√
det
(G + κB) = √det(G − κB), the even powers of κ will only
contribute to the expansion. Using the formula
√
det
(
1 + A
)
= exp
∑∞
k=1
(−)k+1
2k
TrAk, it is straight-
forward to show that √
det4
(
1 + A
)
=
√
detn+4
(
1 +
1
κ
GP
)
, (A.11)
where the subscript in the determinant indicates the size of matrix and we introduced the Poisson
bracket defined by
PMN = {XM , XN}θ ≡ θµν ∂X
M
∂yµ
∂XN
∂yν
. (A.12)
14
Using the expression (A.9), we can explicitly calculate the above Poisson bracket to yield
PMN =
( (
θ(B − F̂ )θ)µν κθµνD̂νφb
κD̂µφ
aθµν κ2{φa, φb}θ
)
=
(
−θµρ 0
0 κδac
)(
(F̂ −B)ρσ −D̂ρφd
D̂σφ
c {φc, φd}θ
)(
θσν 0
0 κδdb
)
, (A.13)
where the covariant derivative and the field strength of symplectic gauge fields in Eq. (A.9) are given
by D̂µφa = ∂µφa + {Âµ, φa}θ and F̂µν = ∂µÂν − ∂νÂµ + {Âµ, Âν}θ, respectively.
Combining the above results together, Eq. (A.10) can be arranged into the form√
det4
(G + κB) = √det4(κB)
det4g
√
detn+4
(
G+ κG
)
=
gs
Gs
√
detn+4
(
G+ κG
) (A.14)
where
GMN =
(
gµν 0
0 δab
)
, GMN =
(
(F̂ − B)µν −D̂µφa
D̂νφ
b {φa, φb}θ
)
, (A.15)
and
gµν = −κ2(Bg−1B)µν , Gs = gs
√
det4(κBg−1). (A.16)
Substituting the result (A.14) into Eq. (A.5) leads to an intriguing identity
S =
1
2πκ2gs
∫
d4y
√
det4
(G + κB)
=
1
2πκ2Gs
∫
d4y
√
detn+4
(
G+ κG
)
. (A.17)
Using the determinant formula for a block matrix
detn+4
(
A B
C D
)
= detnD det4(A−BD−1C), (A.18)
the determinant in Eq. (A.17) can be written as√
detn+4
(
G+ κG
)
=
√
detnqab
√
det4
(
gµν + κ(F̂ −B)µν + κ2D̂µφaq−1ab D̂νφb
) (A.19)
where
qab = δab + κ{φa, φb}θ. (A.20)
In the limit κ→ 0, we get the expansion√
detn+4
(
G+ κG
)
=
√
det4g
(
1 +
κ2
4
gµρgνσ(F̂ − B)µν(F̂ − B)ρσ + κ
2
2
gµνD̂µφ
aD̂νφ
a
+
κ2
4
{φa, φb}2θ + · · ·
)
. (A.21)
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The corresponding NC field theory is obtained by quantizing symplectic gauge fields and adjoint
scalar fields [9]. The quantization in our case is simply defined by the canonical Dirac quantization
of the Poisson algebra P =
(
C∞(M), {−,−}θ
)
.
5 The quantization map Q : C∞(M) → Aθ by
f 7→ Q(f) ≡ f̂ is a C-linear algebra homomorphism defined by
f · g 7→ f̂ ⋆ g = f̂ · ĝ (A.22)
and
f ⋆ g ≡ Q−1(Q(f) · Q(g)) (A.23)
for f, g ∈ C∞(M) and f̂ , ĝ ∈ Aθ. For example, the quantization replaces the Poisson bracket (A.12)
by a NC bracket, i.e.,
{XM , XN}θ → −i[X̂M , X̂N ]⋆. (A.24)
After quantization, the nontrivial leading terms in Eq. (A.21) precisely give rise to the NC U(1)
gauge theory coupled to adjoint scalar fields φ̂a with quartic interactions. The identity (A.17), together
with Eq. (A.21), clearly verifies that the coupled system of NC fields (Âµ, φ̂a) in the commutative
limit can be organized into a four-dimensional Riemannian metric given by (A.8). We note that
the NC fields (Âµ, φ̂a) produce a universal metric; in other words, they do not produce their own
metrics separately. This is a manifestation of the equivalence principle in general relativity. We
may emphasize that the universal coupling was originated from the Darboux theorem as the identity
(A.5) clearly indicates. Therefore the emergent gravity realizes the equivalence principle as a noble
statement [4] that the local coordinate transformation to a Darboux frame corresponds to a locally
inertial frame in general relativity.
However there is a subtle issue when we consider a charged scalar field ψ in the fundamental
representation. In this case the interaction with NC U(1) gauge fields is given by either
D̂µψ = ∂µψ − iÂµ ⋆ ψ (A.25)
or
D̂µψ = ∂µψ + iψ ⋆ Âµ. (A.26)
It should be noted that the scalar fields in the DBI action (A.1) necessarily give rise to NC scalar fields
in the adjoint representation. Thus the coupling in the fundamental representation cannot be deduced
from the Darboux transformation. We do not know yet how to determine gravitational fields emergent
from NC scalar fields in the fundamental representation in the context of emergent gravity. One way
is to adopt the picture in [4] that the scalar field in the fundamental representation corresponds to a
state in a Hilbert space rather than a field. Another way is to take it as a purely matter part in energy-
momentum tensor. Some results in [20] may be useful for this issue. We hope to clarify this issue
soon.
5In general, the quantization becomes nontrivial if M is a curved manifold described by the general metric gµν . Hence
one may take the metric gµν to be flat for simplicity.
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B Spin connections of NC U(1) instantons
In this appendix, we will show that the (generalized) self-duality equations for NC U(1) instantons in
four and six dimensions can be transformed to geometrical ones for spin connections of an emergent
Riemannian manifold using the Lie algebra homomorphism (1.14). In particular, it is shown that the
resulting geometric equations are equivalent to the CY condition for a Ricci-flat, Ka¨hler manifold.
Let us consider the generalized self-duality equations defined by Eq. (2.15) where
Tab
cd =
{
εab
cd, d = 4;
1
2
εab
cdefIef , d = 6.
(B.1)
We showed in Sect. 2 that, using the Lie algebra homomorphism (1.14), the self-duality equations
(2.15) can be isomorphically mapped to those of vector fields in the commutative limit, viz., Eq.
(1.15). To be specific, they are given by
gab
e = ±1
2
Tab
cdgcd
e (B.2)
after using the Lie algebra relation (3.2). Let us introduce the Lie bracket for the frame basis Ea =
Eµa (x)
∂
∂xµ
∈ Γ(TM) defined by
[Ea, Eb] = −fabcEc. (B.3)
The Lie algebra (B.3) can be rephrased into the structure equations for the vielbeins ea = eaµ(x)dxµ ∈
Γ(T ∗M) given by
dea =
1
2
fbc
aeb ∧ ec. (B.4)
Combining Eq. (B.4) with the torsion free condition, dea + ωab ∧ eb = 0, leads to the relation
fabc = ωabc − ωbac
= ω[abc] − ωcab (B.5)
where we used the symmetrization symbol ω[abc] = ωabc + ωbca + ωcab for spin connections ωbc =
ωµbcdx
µ = ωabce
a
. The structure equations in Eqs. (3.2) and (B.3) are related to each other by the
relation (1.16) [2, 7]:
gab
c = λ
(
fab
c −Ea lnλδcb + Eb lnλδca
)
. (B.6)
Now we want to transform the self-duality equations (B.2) into some equations for spin connec-
tions using the relations (B.6) and (B.5) together with the volume-preserving condition (1.18) that is
equal to
ωbab = fbab = (p+ 1− d)Ea lnλ (B.7)
or equivalently
gbab = pVa lnλ. (B.8)
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First we will check on this approach with the well-established result in [2, 21] for the four-dimensional
case. Then we will apply it to the six-dimensional case.
In four dimensions, Eq. (B.2) can be written by using Eq. (B.6) as
fab
e − φ[aδeb] = ±
1
2
εab
cd
(
fcd
e − φ[cδed]
) (B.9)
where φa := Ea lnλ. Contracting εf abe on both sides of Eq. (B.2) leads to the result
gbab = ∓1
2
εa
bcdgbcd. (B.10)
Using Eqs. (B.6) and (B.8), the above equation can be written as
pφa = ∓1
2
εa
bcdfbcd (B.11)
and it can be inverted as
f[abc] = ±pεabcdφd = 2ω[abc]. (B.12)
Using this result together with the relation (B.5), the self-duality equation (B.9) takes the form
ωeab + φ[aδ
e
b] ∓
p
2
εab
efφf = ±1
2
εab
cd
(
ωecd + φ[cδ
e
d] ∓
p
2
εcd
efφf
)
. (B.13)
Note that the combination φ[aδeb]∓εabefφf automatically obeys the same type of self-duality equations
φ[aδ
e
b] ∓ εabefφf = ±
1
2
εab
cd
(
φ[cδ
e
d] ∓ εcdefφf
)
. (B.14)
Subtracting (B.14) from (B.13) gives us the result
ωeab ∓ p− 2
2
εab
efφf = ±1
2
εab
cd
(
ωecd ∓ p− 2
2
εcd
efφf
)
. (B.15)
Hence the choice p = 2 adopted in [2, 21] leads to the self-duality equation for spin connections:
ωeab = ±1
2
εab
cdωecd. (B.16)
If the spin connection ωab is (anti-)self-dual, the Riemann curvature tensorRab = dωab+ωac∧ωcb
is also (anti-)self-dual, i.e., Rab = ±12εabcdRcd. Conversely, if the curvature tensor is (anti-)self-dual,
the spin connection also becomes (anti-)self-dual up to a gauge choice. This means that a four-
dimensional Riemannian manifold obeying the self-duality equation (B.16) is a gravitational instanton
which is a Ricci-flat, Ka¨hler manifold or called a CY 2-fold [22]. Thus we have verified the result in
[2, 23].
In six dimensions, Eq. (B.2) is similarly written as
fab
e − φ[aδeb] = ±
1
2
Tab
cd
(
fcd
e − φ[cδed]
)
. (B.17)
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Contracting Tf abe on both sides of Eq. (B.2) leads to the result
gbab +
1
2
Icdgcd
bIba = ∓1
2
Ta
bcdgbcd. (B.18)
Using Eqs. (B.6) and (B.8), the above equation can be written as
(p+ 1)φa + χa = ∓1
2
Ta
bcdfbcd (B.19)
where χa ≡ 12IcdfcdbIba and it can be inverted as
f[abc] = ±1
2
Tabc
d
(
(p+ 1)φd + χd
)
= 2ω[abc]. (B.20)
Contracting 1
2
IabIeg on both sides of Eq. (B.17) and using the identity 14TabcdIcd = Iab, we get the
relation
φa = −χa. (B.21)
Therefore the relation (B.20) reduces to
f[abc] = ±p
2
Tabc
dφd = 2ω[abc]. (B.22)
Using this result together with the relation (B.5), the self-duality equation (B.17) takes the form
ωeab + φ[aδ
e
b] ∓
p
4
Tab
efφf = ±1
2
Tab
cd
(
ωecd + φ[cδ
e
d] ∓
p
4
Tcd
efφf
)
. (B.23)
An important step is to find a combination φ[aδeb]+ ζTab
efφf which automatically obeys the same type
of self-duality equations, i.e.,
φ[aδ
e
b] + ζTab
efφf = ±1
2
Tab
cd
(
φ[cδ
e
d] + ζTcd
efφf
)
. (B.24)
It turns out that, unlike the four-dimensional case, such a combination exists only for the (−)-equation
with ζ = 1
2
. It may not be surprising since this case only corresponds to a Ricci-flat, Ka¨hler manifold,
i.e., a CY 3-fold. But the sign for the self-duality equation depends on the parity of the symplectic ma-
trix Iab in Eq. (B.1). If we flip the orientation of a six-dimensional manifold by choosing a symplectic
matrix Iab different from (2.5), instead the (+)-equation only may admit such a combination. In this
case a CY 3-fold will be defined by the (+)-equations with the different choice of Iab. Subtracting
(B.24) from (B.23) with both the lower (−)-sign gives us the result
ωeab +
p− 2
4
Tab
efφf = −1
2
Tab
cd
(
ωecd +
p− 2
4
Tcd
efφf
)
. (B.25)
Therefore, as in the four-dimensional case, the choice p = 2 leads to the desired self-duality equation
for spin connections:
ωeab = −1
2
Tab
cdωecd. (B.26)
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